Symmetry of a nematic
Introduction
A nematic liquid crystal phase is characterized by an orien− tational long range order of long axes of constituent mole− cules. Usually, the nematic order is uniaxial, while a biaxial nematic phase is possible [1] . In the biaxial phase, rotational symmetry around the principal axis is broken. Practically, a shape of real molecule is biaxial to a greater or lesser extent. In case an order of the second axis of each molecule perpen− dicular to the long axis appears in addition to the order of long axis, the nematic phase is biaxial. Such biaxial phase has been studied theoretically [2] [3] [4] [5] [6] and experimentally [7] . Another possibility of realization of the biaxial order is to apply an electric (or magnetic) field even in a system com− posed of cylindrical molecules. In the system with negative electric (magnetic) anisotropy, the nematic order is biaxial, in which the rotational symmetry around the field direction is broken spontaneously. The prediction that an order of the phase transition changes from the first order to the second order at a tricritical point is particularly of interest [8, 9] . On the other hand, it is noteworthy that the nematic order cou− ples with both electric field and magnetic field. The system exposed to the electric field and magnetic field in the direc− tions perpendicular to each other is biaxial in itself, even though each constituent molecule has a cylindrical shape [10, 11] . A global phase diagram in a couple of fields conju− gate to uniaxial and biaxial order parameters was already derived, in which the relation between a critical point ap− pearing in the system with positive anisotropy and the tricritical point appearing at the system with negative aniso− tropy was clarified [10] .
The nematic orders also couple with an anchoring wall, and the biaxial nematic phase is induced by boundary wall effect [12] [13] [14] [15] [16] [17] [18] . In a hybrid cell where a homeotropic align− ment is preferred on one wall and a homogeneous one is preferred on another wall, a variety of phases including bi− axial one are shown to occur [14] [15] [16] . In the previous work of our group, a biaxial system sandwiched between parallel biaxial walls was introduced, in which a crossover between a couple of biaxial phases of homeotropic structure and homogeneous one was studied [18] .
Present authors have discussed similarity and dissimilar− ity between effects due to fields and boundary walls under the same symmetry [10, 18, 19] . The anchored system intro− duced previously, whose biaxiality is solely given by the bi− axial walls, is a correspondent to the biaxial bulk system ex− posed to the couple of fields [18] . However, an orientational distribution of wall molecules therein is quite peculiar. Here, the distribution is generalized, where only biaxial symmetry condition is imposed, and properties of the sys− tem sandwiched between these walls are studied. Analysis is carried out in the framework of the mean field theory of Maier−Saupe model [20, 21] . The crossover mentioned above is again studied under various conditions for wall pa− rameters of surface molecules, and the condition, under which the crossover occurs, is proved to be just alike the one at the bulk in the couple of fields [10] . It is shown that the biaxial walls work as disordering walls [22] , while a surface ordering is found to occur even in the biaxial nematics.
Mean field formalism at Maier-Saupe model
First, formalisms of self−consistency equations for order pa− rameters and of Landau free energy at the bulk are reviewed [11, 18] and those are generalized in forms to be applicable to the thin system sandwiched between parallel biaxial an− choring walls.
Bulk nematics in biaxial fields
We assume that the electric field E is in the direction of z−axis and the magnetic field H in x−axis. The system is bi− axial and we introduce the order parameters s and s given by
in which <…> denotes the thermal average, N 0 is the total number of molecules, q i and j i are the polar and azimuthal an− gles for the i−th molecule, respectively, and P 2 (x) = (3x 2 -1)/2 is the second Legendre's polynomial. For convenience, we call s the uniaxial order parameter and s the biaxial order parameter, respectively, because these have truly such mea− nings in the case where the principal axis is in z−direction. The mean field Hamiltonian of Maier−Saupe model is given by [18, 20, 21 ]
where V denotes the interaction strength, q ij is the angle be− tween two long axes of the i−th and the j−th molecules, and h u and h b are the conjugate fields to s and s, respectively. The fields, h u and h b , are related to the fields h z (= e a E 2 /3) and h x (= c a H 2 /3) due to anisotropies of electric and mag− netic susceptibilities, as [11] 
In the mean field theory, self−consistency equation for s and s are given by [18] as b s cs s 
where b denotes the inverse temperature 1/k B T with the Boltzmann constant k B , and the coefficients, a, b, and c, are given by
respectively, in which n denotes the mean of the nearest neighbouring molecules. The Landau free energy per mole− cule is calculated as
. (8) A global phase diagram in the fields h u and h b has been already obtained [10] . We show in Fig. 1 the phase diagram on the h z versus T plane under the condition h x = 0.004, where (and hereafter) fields and temperature are scaled in the units Vn and Vn/k B , respectively. Transition lines end at each critical point C. In the low temperature region, the principal axis of the order is in z−axis for h z > 0.004, and in x−axis for h z < 0.004, and both phases coexist at h z = 0.004. Generally, the condition of the coexistence, i.e., the cross− over, is given by h z = h x , or in terms of the fields h u and h b by
Thin nematic system anchored by biaxial walls
In the system sandwiched between anchoring walls, the sys− tem is non−uniform and the order parameters depend on the separation from the wall surface s(z) and s(z). Here, we use a discretized description for the sake of convenience at nu− merical calculation [10, 18] . Eventually, the system is de− composed into N sheets and order parameters are given by the set {s n , s n } (n = 1, 2, …, N). Then, self−consistency equations for s n and s n , (n = 1, 2, …, N), without the fields are given as the generalization of Eqs. (5) and (6) by [18, 19] 
where s 0 , s 0 , s N+1 , and s N+1 are the values at the surfaces. We will discuss these values in the next section. The Landau free energy F({s n , s n }) is also generalized as 
Wall conditions
In the mean field theory, the effect due to walls appears only through parameters of the surface order s 0 and s 0 (s N+1 = s 0 , s N+1 = s 0 ) as shown in Eqs. (10)- (12) . We assume that an orientational distribution of wall molecules is given by the probability density function p(q, j) which is independent of the temperature. We impose the conditions of biaxial walls, i.e., p(q, p-j) = p(q, j) and p(q, 2p-j) = p(q, j). Then, s 0 and s 0 are given by
for dw (= sinqdqdj), the solid angle element. In the previ− ous work [18] , molecules on the walls are restricted to take only two directions, q = q 0 and j = 0, p, i.e., p(q, j) is given in a special form as 
The parameters l and m mean the anchoring strengths for homeotropic and homogeneous alignments, respec− tively. The typical case of homeotropic anchoring walls corresponds to the condition q 0 = 0 and homogeneous one corresponds to q 0 = p/2 with l = m, and only at both special cases, the order is uniaxial.
Results
Equations (10) and (11) (12)] describes the equilibrium phase. In the pre− vious study where l = m = 1, it is shown that the critical thickness is smaller than N = 14 irrespective of a value of q 0 and no transition occurs for N < 14 [18] . In the present study, the system with N = 14 is solely taken, where the transition is first order and the effect due to the walls ap− pears distinctly.
First, we show the transition temperature T c for l =m (= a) and q 0 = 45°, 44°in Fig. 2 . The transition is the first order for each case, and both phases are biaxial. In general, biaxiality occurs most remarkably at q 0 = 45°. The transition corresponds to the branch of transition lines of the bulk for h z larger than 0.004 in Fig. 1 . In the case with a = 0, the sys− tem is reduced to the one with free surfaces.
Next, we discuss the crossover between the homeotropic and homogeneous structures. Ito et al. have derived a natu− ral result that the crossover occurs at q 0 = 45°for the special case where l = m = 1 [18] . In the anchored system, the inter− actions from the wall molecules to molecules adjacent to the walls are interpreted as molecular fields, and from Eqs. (10) and (11) quite natural, because from an energetic consideration at ab− solute zero temperature, where the free energy [Eq. (8) or Eq. (12)] cannot be used, the coexistence of two completely ordered phases is easily proved to occur under the condition h b (s) /h u (s) = 3/2, where surface energies of each ordered phases in z− and x−directions, respectively, agree. Here, the similarity of effects due to the fields and the boundary walls is shown at the crossover behaviour.
Profiles of the ordering at various temperatures are shown for a (= l = m) = 0.8 and q 0 = 45°in Fig. 3 . In the or− dered phase, where the values of s n are large in the interior region, we see a small dip at s 1 for each curve. To see the ef− fect of s 0 in detail, we study the ordering under the uniaxial condition m = 0 (i.e., s 0 = 0) at the bulk transition tempera− ture T c (b) (= 0.21397) as shown in Fig. 4 , where q 0 is chosen as 44.1°so as that the walls act as the marginal wall at l = 1. Really, in the bulk, the bulk order parameter s changes from 0 to s c (= 0.27) at T c (b) , and the value q 0 = 44.1°satisfies P 2 (cosq 0 ) = s c , from which the terminology, marginal wall, is used. For l < 1, transition temperature T c is smaller than T c (b) , and the states with l = 0.8 and 0.6 in Fig. 4 are metastable, while those with l = 1.0, 1.2, and 1.4 are stable. Anyway, the profiles in Fig. 4 indicate such a simple effect of the wall interaction l, that the ordering is enhanced for l >1 and suppressed for l < 1. We notice that profiles under the condition s 0 = 0 are different qualitatively to those in Fig. 3 . Here, the biaxial wall interaction m (= 1) is taken into account at this system with l =1 and q 0 = 44.1°. Profiles of s n are shown by solid curves in Fig. 5 for various tempera− tures, where broken curves at m = 0 are also shown for com− parison. At the system with m = 1, the biaxial order is in− duced by the walls, and s 1 is suppressed for every tempera− ture as observed at the curves in Fig. 3 . On the other hand, for m = 0, s n shown by each broken curve accompanied by no biaxial order exhibits a simple healing behaviour from a surface region to the one at an interior region, like the curves in Fig. 4 . Thus, the biaxial order is proved to suppress the uniaxial order, that is, the biaxial anchoring wall works as the disordering wall [22] . It is noticed that profiles of s n do not show any notable change at the transition, though the suppression effect to s n is remarkable.
The surface transition, i.e., the wetting transition, is well−known in the uniaxial system with strong surface an− choring, in which the walls enhance the uniaxial order [12] [13] [14] [15] shown in Fig. 2 . We show the surface transition to occur as well in the biaxial nematics, even though the uniaxial order is suppressed by the biaxial order. In Fig. 6 , the temperature dependence of s n is shown for a (= l = m ) = 1.7 at q 0 = 45°, under the condition q 0 = 45°, the biaxial order appears most distinctly and the suppression of the uniaxial order is con− sidered to be the strongest. The first order phase transition at T = 0.2163 is the main transition to the nematic phase which is a sort of the transition shown in Fig. 2 . We observe an− other type of transition at T s (= 0.2167), which is the second order transition. At the temperature in the interval T c < T < T s , the order is measurably large near the surface and de− creases as we go to the interior region. This property of the order is surely of the type of the surface order found in the uniaxial system with strong surface interaction [12] [13] [14] [15] . In order to see how the transition depends on the surface inter− action strength a, the behaviour of s 1 for various values of a is shown in Fig. 7 . A critical value of a and a c is estimated approximately to be 1.64. Thus, the surface transition is proved to occur even in the biaxial nematics.
Conclusions
Nematic orderings in the system sandwiched between bi− axial anchoring walls are studied and compared with those at a bulk nematic system exposed to two kinds of external fields. The analysis is carried out in the framework of the mean field theory of Maier−Saupe model. The biaxial wall condition is given by a probability density function of the long axial orientation of a molecule on the walls. It is shown that the biaxial order suppresses the uniaxial order, and the crossover between the homeotropically and homogeneously anchored phases is proved to occur under the same condi− tion which coincides with the one at the bulk exposed to the fields. The surface ordering is shown to occur even in the bi− axial nematic phase. The system studied here has the same symmetry to the one at the bulk nematics in the electric and magnetic fields applied perpendicular to each other, say, biaxial symmetry. In both systems, no symmetry breaking occurs. We have an− other type of a system with biaxial symmetry in the phenom− ena of Freedericksz transition, where an external field and boundary walls compete with each other [1] . For example, at the field larger than the critical field in a homogeneous sys− tem, a splay deformation occurs, in which the splay direction is degenerate and a symmetry with respect to an oblique order is broken [11, 23] . Usually, the Freedericksz transition is ana− lyzed by a uniaxial elastic theory, in which a deformation of director, denoting a direction of uniaxial symmetry axis, is solely taken into account [1] . The symmetry breaking in the Freedericksz transition with biaxial symmetry is quite inter− esting from a microscopic point of view [23] .
In the present study, as well as the previous investiga− tions, we have used the discretized theory to describe the non−uniformity of the system [10, 18, 19] , by which the nu− merical analyses are tractable, especially in the case that multi−kinds of order parameters are concerned with, while at a continuum theory, sophisticated techniques are required for the systems with multi−order parameters [12, 16, 17] . We have studied various behaviours of a sandwiched system be− tween parallel walls and compared with the bulk systems in the fields with common symmetry conditions. Nevertheless, it is noticed that the results from the discretized theory are qualitative in nature, because the thickness of the sheet is ar− bitrary and the interaction between neighbouring sheets should be argued from a semi−macroscopic point of view.
Biaxial walls are not familiar in actual anchoring walls. Macroscopically, a set of parallel walls rubbed in the same direction is approximately a candidate. We have the possi− bility of preparation of such walls by a technique something like a soft−rubbing method together with light alignment [24, 25] , rubbing with the aid of an atomic force micrometer [26, 27] or microrubbing process at a homeotropic wall [28, 29] . Especially, a wall with a chequer−patterned surface composed of squares or rectangles of sub−micrometer size rubbed in opposite directions may construct the biaxial wall. Experimental studies of nematics under such elaborated walls are expected to certify general properties of nematic phase including results derived here.
